Abstract. We prove that a relatively compact pseudoconvex domain with smooth boundary in an almost complex manifold admits a bounded strictly plurisubharmonic exhaustion function. We use this result in order to study convexity and hyperbolicity properties of these domains and the contact geometry of their boundaries.
Introduction
One of the fundamental results of classical complex analysis establishes the equivalence between the holomorphic disc convexity of a domain in an affine complex space, the Levi convexity (the positive semidefiniteness of the Levi form) of its boundary and the existence of a strictly plurisubharmonic exhaustion function. On the other hand, in the works of Y.Eliashberg and M.Gromov, D.McDuff [6, 13] and other authors the convexity properties of strictly pseudoconvex domains in almost complex manifolds are substantially used and allow to obtain many interesting results concerning symplectic and contact structures. It turned out that the notion of pseudoconvexity playing a fundamental role in classical complex analysis admits deep analogs in the symplectic category. Furthermore, Y.Eliashberg and W.Thurston [5] introduced and studied so-called confoliations which can be viewed as contact structures with degeneracies. Their theory, developed in [5] mainly for manifolds of real dimension 3, links the geometry and topology of contact structures with the theory of foliations. One of the main examples of confoliations is given by the distribution of holomorphic tangent spaces on the boundary of a weakly pseudoconvex domain in an almost complex manifold (in general, with a non-integrable almost complex structure). However, in contrast to the situation for the classical case of C n , only quite a few properties of such domains are known. The goal of our paper is to study the convexity properties of (weakly) pseudoconvex domains in almost complex manifolds.
The paper is organized as follows. Section 2 and 3 are essentially preliminary and contain the properties of almost complex structures used in the proofs of main results. In section 4 we prove that if (M, J) is an almost complex manifold admitting a strictly plurisubharmonic function and Ω is a relatively compact domain in M with smooth boundary such that the Levi form of bΩ is positive semidefinite at every point, then Ω admits a bounded strictly plurisubharmonic exhaustion function (Theorem 4.2). This generalizes the known result of K.Diederich -J.E.Fornaess [3, 4] dealing with the case of domains in C n . In particular, this means that the domains satisfying the hypothesis of Theorem 4.2 are Stein manifolds in the sense of Y.Eliashberg -M.Gromov [6] and admit the canonical symplectic structure defined by the Levi form of a strictly plurisubharmonic exhaustion function. As an application we obtain a characterization of pseudoconvex domains in almost complex manifolds similar to the classical results of complex analysis (Theorem 5.4). As another consequence of Theorem 4.2 we obtain that in its setting the domain Ω is taut, that is, every sequence (D k ) of holomorphic discs in Ω either contains a subsequence, convergent in the compact open topology, or (D k ) is compactly divergent (Theorem 6.1). Finally, we prove a result on the approximation of confoliations (in the sense of Y.Eliashberg -W.Thurston [5] ) by contact structures (Theorem 7.1).
Almost complex manifolds
All manifolds and almost complex structures are supposed to be of class C ∞ though the main results require only a lower regularity. Let (M ,J) and (M, J) be almost complex manifolds and let f be a smooth map fromM to M . We say that f is (J , J)-holomorphic if df •J = J • df . Let D be the unit disc in C and J st be the standard structure on C n for every n.
Every almost complex manifold (M, J) can be viewed locally as the unit ball B in C n equipped with a small almost complex deformation of J st . Indeed, we have the following frequently used statement.
Lemma 2.1. Let (M, J) be an almost complex manifold. Then for every point p ∈ M , every real α ≥ 0 and λ 0 > 0 there exist a neighborhood U of p and a coordinate diffeomorphism z :
Proof. There exists a diffeomorphism z from a neighborhood
λ (B) for λ > 0 small enough, we obtain the desired statement.
In the sequel we often denote z * (J) just by J when local coordinates are fixed. Let (M, J) be an almost complex manifold. We denote by T M the real tangent bundle of M and by
we define the set of complex forms of type (1, 0) on M by : T * (1,0) M = {w ∈ T * C M : w(V ) = 0, ∀V ∈ T (0,1) M } and the set of complex forms of type (0, 1) on M by :
M . This allows to define the operators ∂ J and∂ J on the space of smooth functions defined on M : given a complex smooth function u on M , we set
As usual, differential forms of any bidegree (p, q) on (M, J) are defined by means of the exterior product.
In what follows we will often work in local coordinates. Fixing local coordinates on a connected open neighborhood of a point p ∈ (M, J), we can view it as a neighborhood U of the origin (corresponding to p) in R 2n with the standard coordinates (x, y). After an additional linear transformation we may assume that J(0) = J st ; recall that
In these coordinates the structure J can be viewed as a smooth real (2n × 2n)-matrix function J : U −→ M 2n (R) satisfying J 2 = −I (the 2n unit matrix). After the above complexification we can identify R 2n and C n with the standard complex coordinates z = x + iy and so deal with
Consider a J-holomorphic disc z : D −→ U . After a straightforward verification the conditions J(z) 2 = −I and J(0) = J st imply that for every z the endomorphism u of R 2 defined by u(z) :
Thus u is a composition of the complex conjugation and a C-linear operator. Denote by Q J (z) the complex n × n matrix such that u(z)(v) = Q J (z)v for any v ∈ C n . The entries of the matrix Q J (z) are smooth functions of z and Q J (0) = 0. The J-holomorphy condition J(z) • dz = dz • J st can be written in the form:
Similarly to the proof of lemma 2.1 consider the isotropic dilations d λ . Since the structures
Thus, shrinking U if necessary and using the isotropic dilations of coordinates as in the proof of lemma 2.1, we can assume that for given α > 0 we have Q J C α << 1 on the unit ball of C n . In particular, the system (2.1) is elliptic.
According to classsical results [20] , the Cauchy-Green transform 
If the norm of Q J (that is the initial neighborhood U ) is small enough, then by the implicit function theorem the operator Ψ J is invertible and we obtain a bijective correspondence between small enough J-holomorphic discs and usual holomorphic discs. This easily implies the existence of a J-holomorphic disc in a given tangent direction through a given point, smooth dependence of such a disc on the initial data , as well as the interior elliptic regularity of discs (the Nijenhuis-Woolf theorem [14] , see [18] for further details).
Levi form and plurisubharmonic functions
Recall some standard definitions playing a substantial role in the sequel . Let r be a C 2 function on (M, J). We denote by J * dr the differentail form acting on a vector field X by J * dr(X) := dr(JX). For example, if J = J st on R 2 , then J * dr = r y dx − r x dy. The value of the Levi form of r at a point p ∈ M and a vector t ∈ T p (M ) is defined by
where X is an arbitrary smooth vector field in a neighborhood of p satisfying X(p) = t. This definition is independent of the choice of vector fields. For instance, if 
denote the vector
. Property (i) expresses the invariance of the Levi form with respect to biholomorphic maps. Property (ii) is often useful in order to compute the Levi form if a vector t is given.
. By the invariance of the exterior derivative we obtain that F * (dJ ′ * dr) = dJ * d(r • F ). Again using the holomorphy of F , we get
This proves proposition.
As usual, we say that an upper semicontinuous function r on (M, J) is plurisubharmonic if its composition with any J-holomorphic disc is subharmonic on D. For a C 2 function this is, in view of proposition 3.1, equivalent to the positive semi-definiteness of the Levi form:
We use the standard notation P SH(M ) for the class of plurisubharmonic functions in M . We say that a C 2 function r is strictly plurisubharmonic on M , if L J r (p, t) > 0 for any p ∈ M and t ∈ T p (M )\{0}.
Since the equations (2.1) are written in complex coordinates, it is convenient to define the Levi form on the complexified bundle T (1,0 (M ). Recall that the bundles T (M ) and T 1,0 (M ) are canonically isomorphic by X → V = X −iJX ∈ T 1,0 (M ) for any section X of T (M ) or equivalently X = 2ℜV ∈ T (M ) for any section V of T 1,0 (M ). So we simply define the Levi form of r on
Our approach is based on the observation that the Levi form of a function r at a point p in an almost complex manifold (M, J) coincides with the Levi form with respect to the standard structure J st of R 2n if suitable local coordinates near p are choosen. Let us explain how to construct these adapted coordinate systems.
As above, choosing local coordinates near p we may identify a neighborhood of p with a neighborhood of the origin and assume that J-holomorphic discs are solutions of (2.1).
Lemma 3.2. There exists a second order polynomial local diffeomorphism Φ fixing the origin and with linear part equal to the identity such that in the new coordinates the matrix function Q (we drop the index J) from the equation (2.1) satisfies
Thus, by a suitable local change of coordinates one can remove the linear terms in z in the matrix Q. We stress that in general it is impossible to get rid of first order terms containing z since this would impose a restriction on the Nijenhuis tensor J at the origin.
The analog of this statement is well-known in the classical theory of elliptic systems on the complex plane [20] . In the above form the statement appeared first in E.Chirka's notes [2] . In [19] it is shown that, in an almost complex manifold of (complex) dimension 2, such a normalization is possible along a given embedded J-holomorphic disc; the proof requires a solution of some ∂-type problems. Since the present assertion provides the normalization only at a given point, the proof is much simpler and works in any dimension. For convenience of the reader we include the proof following [19] .
Proof. Set z ′ = Φ(z) and J ′ := Φ * (z). The J ′ -holomorphy equations for the disc z ′ are similar to (2.1) with the matrix Q ′ instead of Q. We need to establish a relation between the matrices Q from (2.1) and Q ′ . We have
Since by the Nijenhuis-Woolf theorem for every point q and every vector v ∈ T 1,0 q (M ) there exists a solution z of (2.1) satisfying z(0) = q, dz(0)(
Set Φ(z) = z + n k,j=1 φ kj z k z j , where φ kj are vectors in C n with the entries (φ s kj ) n s=1 . Then Φ z = n k=1 Φ k z k and the matrices Φ k ∈ M n (C) have the entries (φ s kj ) n j,s=1 . Furthermore, Φ z = I +O(|z|), where I is the unit n × n-matrix.
On the other hand, the Taylor expansion of Q has the form
. Substituting this into the expression for Q ′ , we obtain that
Now if we set Φ k = A k (this condition uniquely determines the quadratic part of Φ), we obtain that Q ′ (z ′ (z)) z (0) = 0. Since z ′ = z + O(|z| 2 ), this implies that Q ′ z ′ (0) = 0 which proves lemma.
The following useful statement allows to extend to the almost complex case all invariance properties of the Levi form without additional computations. Essentially it follows from the results of E.Chirka [2] . Proof. According to the Nijenhuis-Woolf theorem, there exists a solution z of (2.1) such that z(ζ) = tζ + aζ 2 + bζ 2 + cζζ + o(|ζ| 2 ), where a, b, c ∈ C n . Since Q z (0) = 0,we have Q(z) = B(z) + o(|z|),
with B as in the proof of the previous lemma. Substituting these expressions into the equation (2.1), we obtain 2bζ + cζ + B(t)tζ + o(|ζ|) = 0 so that c = 0.
Thus, z(ζ) = tζ + aζ 2 + bζ 2 + o(|ζ| 2 ). Consider the Taylor expansion of r at the origin:
where L is a C-linear form, K is a complex quadratic form and H is the complex Hessian of r. Then the terms of degree ≤ 2 in ℜL • z(ζ) and ℜK • z(ζ) are harmonic and thus the Laplacian ∆(r • z)(0) coincides with L Jst r (0; t). On the other hand ∆(r • z)(0) is equal to L J r (0; t) by (ii) of proposition 3.1. This completes the proof. 
Bounded strictly plurisubharmonic exhaustion functions
We begin with the fundamental definition of Levi convexity. Let p be a boundary point of a domain Ω in an almost complex manifold (M, J); assume that bΩ is of class C 2 in a neighborhood U of p. Then Ω ∩ U = {q ∈ U : r(q) < 0} where r is a real function of class C 2 on U , dr(p) = 0.
If Ω is a relatively compact domain with C 2 boundary in an almost complex manifold (M, J), then Ω is called Levi convex if it is Levi convex at every boundary point.
It is easy to show that this definition does not depend on the choice of defining functions. In the works [6, 5, 13] strictly Levi convex domains are called J-convex. We prefer the terminology closer to traditional complex analysis.
Recall also that a continuous map
Our first main result is the following Thus, ρ is a bounded strictly plurisubharmonic exhaustion function for Ω. The proof is based on the method of K.Diederich -J.E.Fornaess [3] (slightly modified by M.Range in [15] ). In its first step the following expression for the Levi form of ρ is determined.
Lemma 4.3. Under the hypothesis of Theorem 4.2 there exists a neighborhood
where
In the case of the standard structure of C n this formula is due to [3] .
Proof. Fix a point p ∈ Ω close enough to bΩ and choose coordinates z : W −→ C n in a neighborhood W of p according to lemma 3.2. In these coordinates the neighborhood V can be identified with a neighborhood z(V ) of the origin in C n . For simplicity of notation, we denote again by J the direct image z * (J), and by ρ (resp. r) the composition ρ • z −1 (resp. r • z −1 ). In particular, we have J(0) = J st . Consider a vector t ∈ T 1,0 0 (C n ). According to [3] we have the following expression for the Levi form of the function ρ = −(−re −Aψ ) η with respect to the standard structure J st :
On the other hand, by proposition 3.3 for every real function ϕ of class C 2 in a neighborhood of the origin its Levi form at 0 with respect to J coincides with the Levi form with respect to J st . Furthermore, the condition J(0) = J st implies ∂ Jst ϕ(0) = ∂ J ϕ(0). Therefore, for any vector v ∈ T Together with (4.1) these estimates imply that
for any p ∈ Ω ∩ W and any vector field V . Now we can estimate from above D(v). Fix C 5 > 0 such that L J ψ (q; v) ≥ C 5 v 2 p for any q ∈ W ∩ Ω and any v ∈ T 1,0 q (M ). Then there exists η 0 (A) such that for any 0 < η < η 0 (A)
we obtain
where all constants C ′ s are positive and independent of A, η and v. Now this is enough to fix A > 2C 8 /C 5 and then η 0 = η(A). Finally, let ψ be strictly plurisubharmonic on Ω. Then L J ψ (p; v) ≥ C 9 v 2 for any p ∈ Ω and v ∈ T 
. So we take A > max(2C 8 /C 5 , 2C 10 /C 9 δ 2 ) and then fix η. This proves theorem.
Remark 4.4. 1) As in the case of C n , for a fixed point p ∈ bΩ and any given 0 < η < 1 there is a neighborhood U of p, a strictly plurisubharmonic function ψ in U and A > 0 such that ρ is strictly plurisubharmonic in Ω ∩ U . Indeed, in local coordinates given by lemma 3.2 consider the function ψ(z) = n j=1 |z j | 2 . Then ψ is strictly plurisubharmonic in U and dψ(p) = 0 so the result follows from the previous estimate of D(v). 2) We want to remind the reader of the fact, known already for the classical situation, that, in general, a bounded strictly plurisubharmonic exhaustion for Ω cannot be chosen to be more than just Hlder continuous up to bΩ (see [3] . In fact, the infimum of all possible 0 < η < 1 in Theorem 4.2 is an interesting invariant of Ω linked to the ∂-Neumann problem in classical complex analysis (see [10] ).
As an obvious consequence we obtain the following In the case where Ω is strictly Levi convex, this statement is well-known (see, for instance, [13] , lemma 2.4). 
Proof. (i) =⇒ (iii) by Theorem 4.2. The proof of (iii) =⇒ (ii) is quite similar to the case of C n . Next, we prove that (ii) =⇒ (i). Suppose that (ii) holds and Ω is not Levi convex. Then there exists a boundary point p ∈ bΩ and a vector v ∈ H J p (bΩ) such that L J r (p, v) < 0, where r is a local defining function of Ω near p. This condition is open and stable with respect to small translations of bΩ along the normal direction at p, so the same holds for the hypersurfaces bΩ t = {r = −t} if t ≥ 0 is small enough. It follows from results of J.-F.Barraud -E.Mazzilli [1] and S.Ivashkovich -J.P.Rosay [8] that for every t there exists a J-holomorphic disc D t such that (ρ • D t )(0) = −t and (ρ • D t )(ζ) < −t if ζ ∈ D\{0}. This family depends continuously on t and so this is a Hartogs family such that D 0 is not contained in Ω: a contradiction. So (i), (ii) and (iii) are equivalent. The proofs of (iii) =⇒ (iv) =⇒ (ii) and (iii) =⇒ (v) =⇒ (iv) are quite similar to the classical arguments for the standard C n . This completes the proof.
Y.Eliashberg and M.Gromov [6] proved that every Stein domain admits the canonical symplectic structure defined by the symplectic form ω u = −dJ * du, where u is a strictly plurisubharmonic exhaustion function. Clearly, ω u (v, Jv) > 0 for any non-zero tangent vector v that is J is tamed by the symplectic form ω in the sense of Gromov. Furthermore, ifũ is another strictly plurisubharmonic exhaustion function for Ω, then the symplectic manifolds (Ω, ω u ) and (Ω, ωũ) are symplectomorphic [6] . In this sense the above symplectic structure defined by a strictly plurisubharmonic exhaustion function is canonical. Thus, we have the following 
Normal families and taut manifolds
Let (M, J) be an almost complex manifold. Recall that it is called taut if any sequence (D k ) of J-holomorphic discs in M either contains a compactly convergent subsequence or is compactly divergent. This is well-known and easily follows from the standard elliptic estimates for the CauchyGreen kernel (see for instance, [18] ) showing that the limit in the compact open topology of a sequence of J-holomorphic discs also is a J-holomorphic disc. Since Gromov's compactness theorems for J-holomorphic discs can be viewed as normal family type theorems, the class of taut almost complex manifolds is very natural. It is well-known that any complete hyperbolic manifold is taut; the inverse in general is not true. In the case of C n this is an immediate corollary of the K.Diederich -J.E. Fornaess result [3, 4] on the existence of a bounded strictly plurisubharmonic exhaustion function and the Montel theorem. In the case of an arbitrary complex manifold (with an integrable structure) the result is due to N.Sibony [17] . We also point out that if in the hypothesis of Theorem 6.1 the boundary of the domain is strictly Levi convex, then the domain is complete hyperbolic [7, 8] .
Proof. Since M admits a strictly plurisubharmonic function, it follows from the results of [7, 8] that M is hyperbolic at every point (in the sense of H.Royden [16] ) and so hyperbolic for the Kobayashi distance by the classical H.Royden theorem [16] (see, for instance, [8, 11] for the almost complex version of this theorem). In particular, a domain Ω satisfying the hypothesis of Theorem 6.1 is a hyperbolic manifold and the Kobayashi distance determines the usual topology on Ω (see, for example, [9] ). By Theorem 4.2 Ω admits a bounded strictly plurisubharmonic exhaustion function ρ. Now given a family of J-holomorphic discs (D k ) in Ω it suffices to apply the argument of the proof of corollary 5 in [17] since it only uses the subharmonicity of ρ • D k and so does not require any modifications.
Approximation of confoliations by contact structures
According to Y.Eliashberg -W.Thurston [5] a tangent hyperplane field ξ = {α = 0} on a (2n+1)-dimensional manifold Γ is called a positive confoliation if there exists an almost complex structure J on the bundle ξ such that dα(X, JX) ≥ 0 for any vector X ∈ ξ. The 1-form α is defined up to the multiplication by a nonvanishing function. Thus, the confoliation condition for ξ is equivalent to the existence of a compatible Levi convex CR-structure (in general, non-integrable). In other words, if Γ = {r = 0} is a smooth Levi convex hypersurface in an almost complex manifold (M, J), then the distribution of its holomorphic tangent spaces ξ = T Γ ∩ J(T Γ) is a confoliation: we can set α = J * dr. In particular, if Γ is a strictly Levi convex hypersurface, then ξ = {J * dr = 0} is a contact structure. Recall that a tangent hyperplane field ξ = {α = 0} on Γ is called a contact structure if α∧ (dα) n = 0 on Γ. One of the main questions considered by Y.Eliashberg -W.Thurston concerns the possibility to deform a given confoliation to a contact structure or approximate it by contact structures. Combining the contact topology techniques with the geometric foliation theory they obtained several results of this type in the case where Γ is of real dimension 3. Our next result works in any dimension. Proof. Fix a small enough neighborhood U of bΩ such that r is a defining function of Ω ∩ U and for some 0 < η < 1 and A > 0 the function ρ = −(−re −Aψ ) η is strictly plurisubharmonic on Ω ∩ U by Theorem 4.2. Set also ϕ = re −Aψ . For δ > 0 small enough consider the hypersurfaces Γ δ = {ρ = −δ} = {ϕ = −δ 1/η }. By the Sard theorem the set of critical values of ρ is of the Lebesgue measure zero, so we can fix a sequence (δ j ) j of non-critical values of ρ converging to 0. Then every Γ j := Γ δ j is a strictly Levi convex hypersurface and admits the canonical contact structure ξ j defined by the form J * dρ. Since a contact form is defined up to multiplication by a non-vanishing function and dρ = η(−ϕ) η−1 dϕ, we have ξ j = {J * dϕ = 0}. Fix a smooth Riemannian metric on M . Shrinking the neighborhood U if necessary we can assume that it is foliated by the normals to bΩ. For any j consider a smooth diffeomorphism π j : bΩ −→ Γ j which associates to every point of p ∈ bΩ the point of Γ j defined by the intersection of Γ j with the normal of bΩ at p. Then the pull-back α j := π * j (J * dϕ) defines a contact structure ξ * j = {α j = 0} on bΩ and the sequence of forms (α j ) j converges to the form J * dϕ on bΩ in any C k norm which proves theorem.
Remark 7.2. In a suitable neighborhood of a fixed point p ∈ bΩ there always exists a smooth strictly plurisubharmonic function. So every confoliation can be approximated locally by contact structures.
